Abstract. The paper investigates nonnegativity of all entries of the fundamental matrix for the system of linear delay di¤erential equations _ X X ðtÞ þ P m k¼1 A k ðtÞX ðh k ðtÞÞ ¼ 0 in the case when the non-diagonal entries of matrices A k are nonpositive. The results are applied to study nonoscillation of high order di¤erential equations, as well as exponential stability for systems of delay equations.
Introduction
This paper deals with nonoscillation for systems of delay di¤erential equations. There are several di¤erent nonoscillation definitions for such systems.
In [17] a system was called nonoscillatory if there exists a solution for which at least one component is eventually positive. In [13] a nonoscillatory system by definition had a solution for which all components are eventually positive. Due to applications we will be interested in nonnegativity of the fundamental matrix for systems of linear delay di¤erential equations. It means that all entries of this matrix are nonnegative functions, which will imply existence of a solution with positive components.
For ordinary di¤erential equations nonnegativity of the fundamental matrix is equivalent to the following classical Wazewski's result. We extend the su‰cient part of this result to vector delay di¤erential equations and discuss necessity of the condition a ij a 0, i 0 j. We also consider the following related problems: comparison of nonoscillation properties and comparison of solutions, existence of positive solutions, connection between nonoscillation and asymptotic stability. For scalar delay di¤erential equations these topics are well studied. Some of them have also beed investigated for systems of delay equations: positivity of the fundamental matrix and comparison results in [11] , connection between nonoscillation and stability in [3, 4] . In the present paper we obtain new results on all mentioned above problems. In particular, positivity of the fundamental matrix implies exponential stability of the vector delay di¤erential equation, under some quite natural restrictions.
The paper is organized as follows. Section 2 contains relevant definitions and a solution representation formula. Section 3 presents the result on nonnegativity of the fundamental matrix of the vector delay equation. Section 4 includes some comparison results: nonoscillation properties of two delay equations and solutions of these equations are compared. In Section 5 previous results are applied to a higher order scalar delay di¤erential equation. In Section 6 conditions on the initial function and the initial value which imply positivity for the solution of the initial value problem are established. In Section 6 we also prove that under some natural conditions an equation with a nonnegative fundamental matrix is exponentially stable. We also present an instability condition based on the comparison results. Finally, in Section 7 the results of the present paper are discussed and some open problems are stated.
Preliminaries
We consider for t b 0 systems of linear delay di¤erential equations in two equivalent forms: the system of scalar equations where A k ðtÞ are n Â n matrices with entries a k ij , i; j ¼ 1; . . . ; n, k ¼ 1; . . . ; m. Since system (2.1) can be rewritten in the form (2.2), we will formulate assumptions only for vector equation (2.2 In addition to problem (2.3), (2.4), where X , F and F are column vector functions, we will consider this problem, where F ðtÞ, FðtÞ and solution X ðtÞ are n Â n matrix functions.
Definition. For each s b 0 the solution Cðt; sÞ of the problem
A k ðtÞX ðh k ðtÞÞ ¼ 0; X ðtÞ ¼ 0; t < s; X ðsÞ ¼ I ; ð2:5Þ is called the fundamental matrix (or the Cauchy matrix) of equation (2.2), where Cðt; sÞ is an n Â n matrix function, I is the identity matrix.
By 0 we will also denote the zero column vector and the zero matrix. We assume Cðt; sÞ ¼ 0, 0 a t < s. As a corollary, Theorem 5.1.1 [2] gives the following result for equation (2.3). If there exists a nonnegative function u which is integrable on each interval ½t 0 ; b and satisfies inequality (2.11), where uðtÞ ¼ 0 for t < t 0 , f ðtÞ b 0 and also 0 < jðtÞ a xðt 0 Þ ¼ x 0 ; t a t 0 ; ð2:12Þ then the solution of problem (2.9) is positive for t b t 0 . 
k ðtÞ À B k ðtÞ and prove the statement similarly. r Remark 3.1. Theorem 3.1 was first proven in [11] using a di¤erent method. The first row of Cðt; sÞ is ðe ÀðtÀsÞ ; 0; 0Þ. The second row is ð3ðt À sÞe ÀðtÀsÞ ; e ÀðtÀsÞ ; 0Þ. The third row is ð4:5ðt À sÞ 2 e ÀðtÀsÞ ; 3ðt À sÞe ÀðtÀsÞ ; e ÀðtÀsÞ Þ for t A ½s; s þ 3 and ð½4:5ðt À sÞ 2 À ðt À sÞ þ 3e ÀðtÀsÞ ; 3ðt À sÞe ÀðtÀsÞ ; e ÀðtÀsÞ Þ for t A ½s þ 3; yÞ. So Cðt; sÞ b 0 while one of the nondiagonal coe‰cients is positive.
However there are several types of delay systems for which the condition that nondiagonal entries of matrices A k are nonpositive a k ij ðtÞ a 0; i 0 j; t b t 0 is necessary. In particular, we consider here two classes of such systems: first, when nondiagonal terms are nondelayed and second, when there are two equations and nondiagonal terms involve a constant delay. In the first case the system can be rewritten in the form which contradicts nonnegativity of the i-th component x i of the first column of the fundamental matrix for t 0 a t a t 2 . r
The second case when the condition a k ij ðtÞ a 0, i 0 j, t b t 0 becomes necessary is the delay system of two equations with constant delays of nondiagonal terms. For simplicity consider the following system: Let us assume the contrary to the statement of the theorem: Cðt; sÞ b 0 for any t b s b t 0 and for some t 1 > t 0 while a ij ðtÞ b a 0 > 0 for t A ½t 0 ; t 1 by the assumption of the theorem; without loss of generality we can assume ði; jÞ ¼ ð2; 1Þ.
Consider now the solution X ðtÞ of equation (3.9) with the initial conditions
T , which is the first column of the fundamental matrix Cðt; t 0 Þ. For the solution of this problem X ¼ ½x 1 ; x 2 T we have X ðtÞ ¼ Cðt; t 0 ÞB b 0. There exist an interval ½t 0 ; t 2 and a number d > 0 such that
The second equation in system (3.9) has the form 
It is evident that I 1 ¼ 0, I 3 a 0. In the second integral t 0 a s À t 21 a t 2 .
Hence in this integral x 1 ðs À t 21 Þ b 1 À d > 0. Then I 2 < 0 and so x 2 ðt 1 Þ < 0, which contradicts our assumption. r
Comparison results
Now we can compare two solutions of system (2.3) of di¤erential equations.
Corollary 
High order scalar delay di¤erential equations
In this section we consider the linear scalar delay di¤erential equation of the n-th order where for parameters of (5.1) and other high order equations it is assumed that coe‰cients a k ðtÞ are Lebesgue measurable locally essentially bounded functions, and delays h k ðtÞ a t satisfy lim sup instead of (5.5).
We assume Y ðt; sÞ ¼ 0 for 0 a t < s and Y k ðt; sÞ ¼ 0 for 0 a t < s, k ¼ 0; . . . ; n À 1; evidently Y nÀ1 ðt; sÞ ¼ Y ðt; sÞ. 
Denote X ðtÞ ¼ ½x 1 ðtÞ; x 2 ðtÞ; . . . ; x n ðtÞ T ,
where A k ðtÞ are n Â n matrices with a nonzero entry in the k-th column.
Hence equation (5.1) can be rewritten as the system
A k ðtÞX ðh kÀ1 ðtÞÞ ¼ 0; ð5:7Þ and for its fundamental system Cðt; sÞ we easily deduce C 1n ðt; sÞ ¼ Y ðt; sÞ, where Y ðt; sÞ is the fundamental function of (5.1).
As a corollary of Theorem 3.1 we can obtain the following result. 
Positive solutions and stability
We begin this section with an analogue of Lemma 2.3 on existence of a positive solution. Next, we establish in this section the connection between nonoscillation properties and stability for delay di¤erential systems.
We need some auxiliary definitions and results.
Definition. Matrix A is called an M-matrix if a ij a 0, i 0 j and there exists a nonnegative inverse matrix A À1 b 0.
We refer to [4, 8] for many equivalent forms of this definition. Let k Á k be an arbitrary vector norm in R n , by k Á k we will also denote the associated matrix norm
Definition. Equation ( Proof. Since the solution of (2.2) with the zero initial conditions and the zero right hand side on ½t 0 ; t 1 vanishes on ½t 0 ; t 1 , we can obtain by Lemma 6.1 that (2.2) with the initial point t 1 instead of t 0 is exponentially stable: kCðt; sÞk a M 1 e ÀaðtÀsÞ for t b s b t 1 .
Lemma 9 in [7] implies that there exists M > 0 (a is the same) such that inequality (6.1) holds for t b s b t 0 . r
For an essentially bounded on ½t 0 ; yÞ function define the norm k f k L y ¼ ess sup and matrix B ¼ fb ij g defined as
is an M-matrix. Then system (2.2) is exponentially stable.
Proof. We apply Corollary 6.2. Consider the initial value problem
A k ðtÞX ðh k ðtÞÞ ¼ F ðtÞ; X ðtÞ ¼ 0; t a t 0 ; ð6:4Þ where F ðtÞ ¼ 0, t 0 a t a t 0 þ H. Since F ðtÞ ¼ 0, t a t 0 þ H, then X ðtÞ ¼ 0, t a t 0 þ H. Equation (6.4) can be rewritten as the system of scalar equations
Denote by X i ðt; sÞ the fundamental function of equation (3. By Lemma 2.4 we have
Hence ess sup tbt 0 jg i ðtÞj < y.
Since
Denote y i ðtÞ ¼ sup 0asat jx i ðsÞj; Y ðtÞ ¼ ½y 1 ðtÞ; . . . ; y n ðtÞ
We have CY ðtÞ a G for any t > t 0 . Evidently if B is an M-matrix then C is also an M-matrix. where z i ; i ¼ 1; . . . ; n and y ik , i; k ¼ 1; . . . ; n satisfy (6.5) and (6.7), respectively.
In the case of variable coe‰cients the following result can be obtained. 
Discussion and open problems
Our main result is the generalization of the well-known Wazewski's result [19] for the ordinary vector di¤erential equation _ X X ðtÞ þ AðtÞX ðtÞ ¼ 0: ð7:1Þ to delay equations. By this result, equation (7.1) has a nonnegative fundamental matrix if and only if a ij a 0, i 0 j; for the proof of this theorem see [4] .
In contrast with the classical Wazewski's theorem, the condition a k ij a 0, i 0 j is not necessary for nonnegativity of all entries of the fundamental (Cauchy) matrix Cðt; sÞ for equations with several delays, as was demonstrated in the present paper. Theorems 3.1 and 5.3 were proven in [11] by a di¤erent method. Paper [10] deals with nonnegativity of certain entries of the fundamental matrix. In [1] the authors considered nonoscillation problems for a general vector Volterra equation on a bounded interval. Positivity of all solutions with positive initial conditions and stability analysis for autonomous delay equations is given in [12, 18] . Our approach to positivity is di¤erent from one in [12, 18] . We study positivity of the fundamental matrix and not of all solutions. We also consider more general class of delay di¤erential equations.
To the best of our knowledge, [3] is the first paper where connection between nonnegativity of the fundamental matrix and exponential stability was established, see also papers [14, 15, 16] .
Finally, let us formulate some open problems.
1. Suppose that for equation (2.2) condition a ij a 0, i 0 j holds and the fundamental matrix of this equation is nonnegative. Are the fundamental functions of scalar equations (3.1) necessarily positive? 2. Obtain explicit lower and upper estimates me ÀaðtÀsÞ a kCðt; sÞk a Me ÀbðtÀsÞ ; 0 < b < a for the fundamental matrix (in the case when it is nonnegative) of system (2.2) and for the fundamental function (again, when it is nonnegative) of high order equation (5.1) when the system/equation is exponentially stable. 
